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Abstract 



We discuss intrinsic aspects of Krupka's approach to finite-order variational se- 
quences. We give intrinsic isomorphisms of the quotient subsheaves of the short finite- 
order variational sequence with sheaves of forms on jet spaces of suitable order, ob- 
taining a new finite-order (short exact) variational sequence which is made by sheaves 
of polynomial differential operators. Moreover, we present an intrinsic formulation for 
the Helmholtz condition of local variationality using a technique introduced by Kolar 
that we have adapted to our context. Finally, we provide the minimal order solution to 
the inverse problem of the calculus of variations and a solution of the problem of the 
variationally trivial Lagrangian. 
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Introduction 



It is known that there exist several geometric formulations of the variational calculus. 
They are inspired by a geometrical version of the Hamilton's principle of least action, 
stated on a fibred manifold. See, for example, [ par 74] , |GoSt73| , |Kru73| , |Tul75|| , and for 
further developments |Pos94| , |Ura81| , Hfgj , |FeFr82j , |GaMu82j ggolgg , [Kru83| , |MaMo83b , 
S au89|| . In these papers the leading idea is that one can introduce the variational 



calculus in a purely differential context. See the Appendix for an introduction to this 
formalism. 

Variational sequences go a step forward according to this guideline |[AnDu80|, |Kup80 



01Sh78| , |Tak79| , [Tul77| , |Tul80| , [Vin77| , |Vin78|| . The basic idea is to interpret the passages 
from a Lagrangian to its Euler-Lagrange morphism and from an Euler-Lagrange mor- 
phism to its conditions of local variationality (Helmholtz' conditions) as morphisms of 
an exact sequence, namely the variational sequence. This is the framework where a lot 
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of problems and ambiguities of geometrical formulations of Lagrangian field theories 



and mechanics can be solved. See [ Tra96 | for a discussion of these problems 



But in [ [Kup80| , piSh78| , |Tak79| , [lul77| , |Tul80| , |Vin77| , |Vin78|| the variational sequence 
is built over the space of infinite jets of a fibred manifold. This procedure is suggested 
by the relatively simple structure of such spaces. Only in [|AnDu80|l there is a partial 
construction on finite order jets. 

This paper deals with Krupka's setting of variational sequence on finite-order jet 
spaces |[Kru90|| (for further developments, see |[Kru93| , |Kru95a] , [Kru95b| , |KrMu99| ). The 
finite-order variational sequence is produced when one quotients the de Rham sequence 
on a finite-order jet space by means of an intrinsically defined subsequence. The choice 
of this subsequence is inspired by the variational calculus; it is made by forms which 
do not contribute to action-like integrals. 

Several papers investigated problems arising from the above construction ||Gri99a . 
Gri99b| , |Kas99| , |Mus95| , |MuKr99| , gtegS) . But all of them are not concerned with the 
intrinsic aspects of the problems that they face. 



In this paper (and in ||FrPaVi99| , [FrPaVi99U [Vrt9^ , |Vit96a| , |Vit984 |Vit98b| , |Vit99a , 
Vit99b|| ) our leading idea is to analyse Krupka's variational sequence by means of in- 
trinsic techniques on jet spaces. Namely, we will use the structure form on jet spaces 
[MaMo83aH and the geometric version of the first variation formula by [|Kol83 |. 



In [Vit95, Vit96a 



we analysed the particular case of the first-order variational 
sequence on a fibred manifold whose base is 1-dimensional. This was done in order to 
reduce technical difficulties. Here, we analyse the most general situation, i.e. the r-th 
order variational sequence based on a fibred manifold, without any restriction on the 
dimension of the base. We give isomorphisms of the quotient sheaves of the variational 
sequence with subsheaves of the sheaves of forms on a jet space of suitable order. This 
order is always found as the minimal among all possible candidates; this aspect is not 
present in the infinite jet formalism. 

We give a characterisation of the local conditions of local variationality. More pre- 
cisely, it is known | Bau82 , [Kru90] that there exists a locally defined geometric object, 
namely the Helmholtz morphism, whose vanishing is equivalent to the local condi- 



tions of local variationality ||And86| , |GiMa90| , |LaTu77| , |Kru90| , [Ton69|| . We show that 



the Helmholtz morphism is intrinsically characterised by means of the Euler-Lagrange 
morphism. This issue is also present in ||Gri99a|| , with a slightly different proof. In this 
way, we obtain that the variationality conditions are global and intrinsic. This fact is 
also due to the intrinsic nature of the variational sequence. Moreover, we obtain an 
intrinsic geometrical object which plays a role analogous to the role of the momentum 
of a Lagrangian. 

Finally, we obtain a finite-order (short and exact) variational sequence, whose 
sheaves are constituted by polynomial differential operators. This allows us to give 
a solution of the problem of the minimal order Lagrangian. Indeed, given a locally 
variational Euler-Lagrange morphism e of order s, the theory of infinite order varia- 
tional sequences yields the existence of a (local) Lagrangian of order s inducing e. But 
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the finite order variational sequence provides the minimal order Lagrangian inducing e. 
The solution of this long-standing problem of the calculus of variations was announced 
(but not given) by Anderson | |And86| , |And92| , |AnTh92| ]. The finite order variational 
sequence yields a proof of this condition which is of 'structural' nature, rather than of 
'computational' nature. We also identify each minimal order variationally trivial La- 
grangian by a very simple intrinsic technique. Our result agrees with local results from 
Gri99U|KrMu99| . 



We notice that a short version of this report has already been published in ||Vit98a| . 
The results of this paper has been improved and completed ever since. Indeed, it has 
been shown ||Vit98b| , |Vit99a|| that Krupka's approach to variational sequences can be 



equivalently reformulated in the context of C-spectral sequences | Vin77, Vin78 , Vin84 



both in the finite and infinite order case. Also, C-spectral sequences allow to extend 
the finite order formalism to jets of submanifolds and differential equations, and Green- 
Vinogradov formula | |Vin84| allows us to represent each quotient space of the variational 
sequence in an intrinsic way [|Vit99b|| . Finally, symmetries has been fitted into Krupka's 
framework ||FrPaVi99| , [FrPaVi99b|| , recovering old results and stating some new results. 



We hope that our work could serve as a tool to both mathematical and theoretical 
physicists for a deeper understanding of Lagrangian formalism. 



Preliminaries 

In this paper, manifolds and maps between manifolds are C°°. All morphisms of fibred 
manifolds (and hence bundles) will be morphisms over the identity of the base manifold, 
unless otherwise specified. 

Let V be a vector space such that dimV^ = n. Suppose that V = W\ © W 2 , with 
Pi : V — > W\ and p 2 : V — > W 2 the related projections. Then, we have the splitting 

(1) A V = AWi A AW 2 , 

k+h=m 

k h m 

where KW\ A /\W 2 is the subspace of AV generated by the wedge products of elements 
of AWi and AW 2 . 

k k k 

There exists a natural inclusion L(V, V) C L(AV, AV). Then, the projections pu,h 
related to the above splitting turn out to be the maps 

Ck\ k h m k h 

)&Pi& &P2 ■ AV -> AW 1 A AW 2 . 

Let V C V be a vector subspace, and set W[ '■= Pi{V), W 2 := p 2 {V'). Then we 
have 



(2) 



V c W[ ® w 2 , 
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but the inclusion, in general, is not an equality. 



As for sheaves, we will use the definitions and the main results given in ||Wcl80|| . In 



particular, we will be concerned only with sheaves of iR-vector spaces. Thus, by 'sheaf 
morphism' we will mean morphism of sheaves of iR-vector spaces. 

Let V be a presheaf over a topological space X. We will denote by V the sheaf 
generated by V in the sense of | Wel80|| . This means that V is a completion of V with 



respect to the gluing axiom. We will denote by V\j the set of sections of V defined on 
the open subset U C X. The sum between two local sections a£? and ft G V will be 
defined on the intersection of their domain of definition. If A, B are two subpresheaves 
of a presheaf V, then the wedge product A A B is defined to be the subpresheaf of 

2 

sections of KP generated by wedge products of sections of A and B. 

Let S be a sheaf. We recall that S is said to be soft if each section defined on a 
closed subset C C X can be extended to a section defined on any open subset U such 
that C C U. Moreover, S is said to be fine if it admits a partition of unity. A fine 
sheaf is also a soft sheaf. We recall also that a sequence of sheaves over X is said to be 



exact if it is locally exact (see ||Wel80|| for a more precise definition). Finally, we recall 



that the sheaf of sections of a vector bundle is a fine sheaf, hence a soft sheaf. 

Acknowledgements. I would like to thank I. Kolaf , D. Krupka, M. Modugno, and 
J. Stefanek for helpful suggestions. 

The commutative diagrams are produced by Paul Taylor's diagrams macro package, 
available in CTAN in TeX/macros/generic/diagrams/taylor. 



Chapter 1 
Jet spaces 



In this chapter we recall some facts on jet spaces. We start with the definition of jet 
space, then we introduce the contact maps. We study the natural sheaves of forms on 
jet spaces which arise from the fibring and the contact maps. Finally, we introduce the 
horizontal and vertical differential of forms on jet spaces. 



1.1 Jet spaces 

Our framework is a fibred manifold 

7T : Y -> X, 

with dim X = n and dim Y = n + m. 

We deal with the tangent bundle TY — > Y, the tangent prolongation Tn : TY — ► 
TX and the vertical bundle VY — > Y. 

Moreover, for < r, we are concerned with the r-jet space J r Y; in particular, we 
set JqY = Y. We recall the natural fibrings 

< : J r Y -> J S Y , ir r : J r Y -> X , 

and the afline bundle 

<_! : J r Y -> J r _!Y 
associated with the vector bundle 

,/ r _iy 



for < s < r. A detailed account of the theory of jets can be found in |MaMo83a , 
KupSg,|5auS§. 

Charts on Y adapted to the fibring are denoted by (x A , y l ). Greek indices A, [A, . . . 
run from 1 to n and label base coordinates, Latin indices . . . run from 1 to m and 
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label fibre coordinates, unless otherwise specified. We denote by (d\,di) and (d x ,d l ), 
respectively, the local bases of vector fields and 1-forms on Y induced by an adapted 
chart. 

We denote multi-indices of dimension n by underlined latin letters such as p = 
(pi, ■ ■ ■ ,p n ), with < pi, . . . ,p n ; by identifying the index A with a multi-index according 
to 



A~ (p 1 ,...,p x ,...,p n ) = (0, ...,1,...,0), 

we can write 



p + \ = (p 1 ,...,p x + l,...,Pn)- 

We also set \p\ '■= Pi + • ■ ■ + p n an d p\ '■= Pi! • . .p n \. 

The charts induced on J r Y are denoted by (x°, y l p ), with < \p\ < r; in particular, 

if \p\ = 0, then we set y l = y l . The local vector fields and forms of J r Y induced by the 

fibre coordinates are denoted by (of) and (dL), < \p\ < r, 1 < % < m, respectively. 



1.2 Contact maps 

A fundamental role is played in the theory of variational sequences by the "contact 
maps" on jet spaces (see ||MaMo83a| ). Namely, for 1 < r, we consider the natural 
injective fibred morphism over J r Y > J r —]Y 

Ar : J r Y X TX -> TJr-{Y , 
X 

and the complementary surjective fibred morphism 

$ r ■ JrY X TJ r ,^Y -> V J r - X Y , 

J r -\Y 

whose coordinate expression are 

Ar = d x ®Arx = d x ®(d x + yl +x df) , < |p| < r - 1, 
$ r = = (4 - yUxd X )®dj , < \p\ < r - 1 . 

We stress that 

(1.1) Ar -l$r = $r -lAr = 

(1.2) (A) 2 = A (Arf = A 



r 



The transpose of the map "# r is the injective fibred morphism over J r Y > J r —\Y 
C : J r Y x V*J r -iY -> T*J r Y . 
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We have the remarkable vector subbundle 

(1.3) until C J r Y x T*J r ^Y C T7 r F 

and, for < t < s < r, the fibred inclusions 

(1.4) J r Y x imtf? C J r Y x im^t C imtf* 



The above vector subbundle im-i?* yields the splitting MaMo83a 



(1.5) J r Y x T*J r - 1 Y=[J r Y x T*X ©imtf* 

1.3 Distinguished sheaves of forms 

We are concerned with some distinguished sheaves of forms on jet spaces. 

Remark 1.3.1. The manifold Y is a differentiable retract of J r Y, hence the de 
Rham cohomologies of Y and J r Y are isomorphic. Therefore, we reduce sheaves on 
J r Y to sheaves on Y by considering for each sheaf S on J r Y the sheaf induced by S 
by restricting to the tube topology on J r Y, i.e. , the topology generated by open sets 
of the kind (tTq) -1 (U), with U C Y open in Y. So, from now on, the sheaves of forms 
on J r Y and the related subsheaves will be considered as sheaves over the topological 
space Y of the above kind. □ 

Let < k. 

k 

1. First of all, for < r, we consider the standard sheaf A r of k- forms on J r Y 

a:J r Y^ AT*J r Y. 

k k 

2. Then, for < s < r, we consider the sheaves TC( r ,s) and 7i r of horizontal forms, 
i.e. of local fibred morphisms over J r Y — > J S Y and J r Y — > X of the type 

a : J r Y -> AT*J S Y and /? : J r l^ -> AT*X , 

respectively. In coordinates, if < k < n, then 

« = 4 1 .'.'.£ i A fc+ i...A fe ^ A ... A d£ A d x ™ A ... A d Afc 
= rf Al A . . . A rf Afe ; 

if > n, then 



« = <"'.C:+h l+1 ...Xn A ... A d£~£ A c^ 1 A ... A c? A " , 
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o 

Here, the coordinate functions are sections of A r , and the indices' range is < 

\p ] < s, < h < k and < / < n. We remark that, in the coordinate expression 

p. 

of a, the indices Xj are suppressed if h = k or I = n, and the indices ~ J are 
suppressed if h = 0. 

k k k 

Clearly H.( Ttr ) = A r and 7i r = for k > n. 

If < q < r, then pull-back by ir r yields the sheaf inclusions 

A* Ji/ Jv A* 

^9 — ^q^q CH r C H,{r,t) C W(r jS ) C A r , 

A, ~ <*A S c H(r, s ) C A r . 

The above inclusions are proper inclusions if t < s < r and q < r. Indeed, not all 
sections of the pull-back of a bundle (like J r Y x T*J S Y) are the pull-back of 

some section of the bundle itself. In fact, we deal with two different operations: 
pull-back of bundles and pull-back of sections (forms). 

k k 

3. For < s < r, we consider the subsheaf C( r , s ) C 7^( r , s ) of contact forms, i.e. of 
local fibred morphisms over J r Y — > J S Y of the type 

a : J r Y -> A im?9* +1 C AT*J S Y . 

k 

Due to the injectivity of $* s+ i, the subsheaf C( rs ) turns out to be the sheaf of 

_ k k 

local fibred morphisms a G 7~t( r , s ) which factorise as a = At?* +1 oa, through the 
composition 

k 

a k Ai^+i k 
J T Y J S+1 Y x AV*J S Y 5±i AT*J S ^. 

fc 

Thus, a G C(r,s) if an d only if its coordinate expression is of the type 
a = nf.:f ^ A . . . A tf| < . . . , |pj < s , 

with ajlf k k G A r . 

If < s < r < r', s < s', then we have the inclusions (see ( |1.3|) and ( |1.4|) ) 

k k 
C( r>s ) C C(V',s') • 

k k k 

4. Furthermore, we consider the subsheaf C 7i r of local fibred morphisms a G H. r 
such that a is a polynomial fibred morphism over J r -{Y — > X of degree fc. Thus, 

in coordinates, a G 7if if and only if a\ u „.,\ k : J r Y — > M is a polynomial map of 
degree with respect to the coordinates y l p , with [p| = r. 



Introduction 



9 



k k 

5. Finally, we consider the subsheaf C r C Cr r +i,r) °f local fibred morphisms a G 

k k 

C(r+i,r) such that a projects down on J r Y. Thus, in coordinates, a G C r if and 
only if n-; "^ G A r . 



1.4 Main splitting 



The maps A r and $ r induce two important derivations of degree (see [(5au89| , |Cos94|| ) , 
namely the interior products by j\ r and d r 

ih = ^A r +i '■ &r h-r+1 > iv = Z# r +i : A r — > A r+ i , 

which make sense taking into account the natural inclusions J r Y x T*X C T*J r Y and 

The fibred splitting (|1.5| ) yields a fundamental sheaf splitting. 

Lemma 1.4.1. We have the splitting 

i i i 

T~t(r+l,r) = © C(r+l,r) > 

where the projection on the first factor and on the second factor are given, respectively, 
by 

l l 
H : H( r+ i, r ) -> Hr+i : i h a , 

i i 
V : T~t(r+i,r) C(r+i,r) : a i— > «„a . 

1 P ■ 

If a G W( r +i, r ) has the coordinate expression a = ct\d + a-rf^ (0 < p < r), then 

//(a) = {a x + yiaf) d x , 7(a) = a^i . 



i 

Proposition 1.4.1. The above splitting ofH( r+ ± ir ) induces the splitting 

k 1 k-l I 



k 

^(r+l,r) = ^ (r+l,r) h Hr+1 

1=0 



(see Preliminaries). 



We recall that, in the above splitting, direct summands with I > n vanish. 
We set H to be the projection of the above splitting on the factor with the highest 
degree of the horizontal factor. 
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Proposition 1.4.2. Ifk<n, then we have 

k k i 

H : H(r+i,r) —> Tir+i '■ a ^ #r+i(a) ; 

if k > n, then we have 

k k—n n I / i \ 

# : W(r+l,r) -> C (r+1 , r ) A : a ^ -r. -r-: (n k - n $ r+i n n Ar+l) («) . 

[k — ny. n\ v 7 
Proof. See Preliminaries. \qed\ 
We set also 

V := Id-H 
to be the projection complementary to H. 

Remark 1.4.1. If k < n, then we have the coordinate expression 
H(a) = yl +Xl . . . yl +Xh ^t A ft+1 ...A^ Al A ... A d Xh , 
with < h < k. If k > n, then we have 

tf* 1 A .f. A A rf Al A . . . A d Xn , 

-1 i-k-n + l 

where < / < n and the sum is over the subsets 

131 3l X r~ SH ik-n+1 X 
Xn ' ' ' a J Xp ' ' ' p J ' 

-1 -ii £-1 i-k-n + l 

and .T. stands for suppressed indexes (and corresponding contact forms) belonging to 
one of the above subsets. □ 

k 

Now, we apply the conclusion of inclusion (Q) of Preliminaries to the subsheaf A r C 

k k 

T~L(r+i,r)- To this aim, we want to find the image of A r under the projections of the 
above splitting. 

k 

We denote the restrictions of H, V to A r by h, v. 

k 

Next theorem is devoted to a characterisation of the image of A r under H. 
Theorem 1.4.1. Let < k < n, and denote 

k , k 

H h r+1 := h{K) ■ 



L r+1 
k k 

Then, we have the inclusion Ti^ +1 C Ti-^+i- 
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k k 

Moreover, the sheaf 7i^ +1 admits the following characterisation: a section a £ Tl^ +1 

k k 

is a section of the subsheaf 7i^, +1 if and only if there exists a section (3 £ A r such that 

(jrs)*f3 = (j r+1 s)*a 

for each section s : X — > Y. 

Proof. If s : X — > Y is a section, then the following identities 

UrSTP = {jr+is)*h{(3) , (WW) = , 

yield 

a = h((3) & (j r s)*P = (jr+isYa 

k k 

for all a £ H^ +1 and (3 £ A r . HH] 

fc 

Remark 1.4.2. It comes from the above Theorem that not any section of Hr+x is 

k k 

a section of indeed, a section of in general contains 'too many monomials' 

k 

with respect to a section of Ti^+x- This can be seen by means of the following example. 

i 

Consider a one-form (3 £ Ao- Then we have the coordinate expressions 

(3 = f3 x d x + (3id l , h(j3) = (J3 X + y\Pi)d X ■ 

If a £ Tlx-, then we have the coordinate expression 

a = (a x + y 3 ^ x )d x . 

i 

It is evident that, in general, there does not exists (3 £ A r such that h((3) = a. □ 



Corollary 1.4.1. Let dim X = 1. Then we have 

n-/h -t/P 

n r+1 — n r+1 . 



Proof. From the above coordinate expressions. See also [|Kru95a|, |Vit95|. \Q ED 



k 

Lemma 1.4.2. The sheaf morphisms H, V restrict on the sheaf A r to the surjective 
sheaf morphisms 

11 11 
h : A r -> U h r+X , v : A r -> C r . 
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Proof. The restriction of H has already been studied. As for the restriction of V, 

1 

it is easy to see by means of a partition of the unity that it is surjective on C r . BHD 
Theorem 1.4.2. The splitting of proposition yields the inclusion 

k k k-l I , 

A r C0 C r AH h r+1 , 

1=0 

and the splitting projections restrict to surjective maps. 

PROOF. In fact, for any i < k the restriction of the projection 

k k-l I 

T~L(r+l,r) — > C ( r +l,r) A H-r+l 

k 

of the splitting of proposition |1.4.1| to the sheaf A r takes the form 

k k-l I k-l I 

A r — > C r A H r+1 C C ( r +l, r ) A H r+ i . 

The above inclusion can be tested in coordinates. For the sake of simplicity, let us 

k-l i 

consider a global section a G C r A 7"^+i where < I < n. We have the coordinate 
expression 

a = iP , tP h , cy ~ k ~ 1 - 1 ~. h \ \ 

C A ... A # fc - ; A d Xl A ... A d Xl , 

ill i-k-i 



where < \p.\, \q.\ < r and < h < n. If {ipi} is a partition of the unity on A r 
subordinate to a coordinate atlas, let 

«i : = V>i af 1 1 .'.'.f r A r+1 ...A fc < A ... A d* r A d^ 1 A ... A d Xk , 

—1 _ r 

where the set of pairs of indices {* x . . . * r } is a permutation of the set of pairs of indices 
fh ik-ih ji\ Then 

1. X)i a i is a global section of A r ; 

fc-/ i 

2. the projection of J2i «i on C r A 7"^+i * s a - 

The proof is analogous for k > n. \qed\ 

We remark that, in general, the above inclusion is a proper inclusion: in general, a 

k 

sum of elements of the direct summands is not an element of A r . 

k 

Corollary 1.4.2. The sheaf morphism H restricts on the sheaf A r to the surjective 
sheaf morphisms 

k k 

h:A r ^ H h r+l k<n, 

h : A r -> C r A fc > n . 
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1.5 Horizontal and vertical differential 

The derivations ih, i v , and the exterior differential d yield two derivations of degree one 
[Sau89j , |(Jos94| | ) . Namely, we define the horizontal and vertical differential to be 



sec 



the sheaf morphisms 

k k 

d h := i h od - doi h : A r — >■ A r+1 , 

k k 

d v '.= i v od — doi v : A r — > A r+1 , 
It can be proved (see |[5au89| ) that d h and d v fulfill the properties 



d 2 h = d l = , d h od v + d v od h = , 
d h + d v = « +1 )*od, 
(j r+1 s)*od v = , do(j r s)* = (j r+1 s)*od h . 

The action of dh and d v on functions / : J r Y — > iR and one-forms on J r Y^ uniquely 
characterises dh and d„. We have the coordinate expressions 



d h f = (x r+ i)xjd* = (d x f + y; +x dff)d x , 
d h d x = , 44 = -4+a A rf A , d h % = -^ +A A d x , 

4/ = , 
d v d x = , d v d l p = d l p+x A d A , d v $ p = . 

We note that 

-4 +A A d x = -^ +A Ad A + 4 +A+M # A d x = -#y x A d x . 

Finally, next Proposition analyses the relationship of dh and d„ with the splitting of 
Proposition |1.4.1| . 

Proposition 1.5.1. We have 

f k \ k+l f k \ 1 k 

dh I 7~(-r I C 1~L r +i , d v I 7^ r I C C r A 1~C r , 

/fc h \ k h+1 / k n \ 

4 ( C(r,r—1) A H r j C C( r +l,r) A 7i r+ i , 4 I C( nr — l) A 7^ r j = {0} , 

/ k \ k+l / k \ fc+1 

G?^ I C(r,r— 1) I ^- ^ r 5 d v I (J r J d C r , 

Proof. From the action of dh-, d v on functions and local coordinate bases of forms. 

\QED\ 



Chapter 2 

Variational sequence 



In this chapter, we recall the theory of variational sequences on finite order jet bundles, 
as was developed by Krupka in [|Kru90|| . Our main aim is to present a concise summary 



of the theory in order to introduce the reader to our notation. 

Starting from the de Rham exact sheaf sequence on J r Y, we find a natural exact 
subsequence. This subsequence is not the unique exact and natural one that we might 
consider; our choice is inspired by the calculus of variations, as it is shown in Appendix. 
Then we will define the (r-th order) variational sequence to be the quotient of the de 
Rham sequence on J r Y by means of the above exact subsequence. 

We start by considering the de Rham exact sequence of sheaves on J r Y 

o d i d d J d 
R A r A r . . . ► A r , 



where J = dim J r Y (see ||5au89||). 



2.1 Contact subsequence 

We are able to provide several natural subsequences of the de Rham sequence. For 
example, natural subsequences of the de Rham sequence arise by considering the ideals 

k 11 

generated in A r by its natural subsheaves Ti( r ,s), C(r,s), • • • Not all natural subsequences 
of the de Rham sequence turn out to be exact. In this subsection, we study an exact 
natural subsequence of the de Rham sequence, which is of particular importance in the 
variational calculus, although being defined independently (see the Appendix). 

k 

We introduce a new subsheaf of A r . Namely, we set 

k k 

CA r = {a e A r \ (j r s)*a = for every section s : X — > Y} . 

The definition of the above subsheaf is clearly inspired by the calculus of variations 
(see | |Kru9(J| , [Kru95a| , |Kru95b| , |Vit96a| | and Appendix). 



14 
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Lemma 2.1.1. We have 



CA r = ker h if < k < n . 

k k 

CA r = A r if k > n . 



Proof. Let a G A r . Then, for any section s : X — > Y we have 

(j r s)*a = (j r+1 s)*h(a) , 

k k 

and a G ker h implies a G CA r . Conversely, suppose a G CA r . Then we have 
(j r+1 s)*h(a) = h(a) Xl ...x k °j r +is d$ A . . . A d% , 

hence h(a) = 0. 

The first assertion comes from the above identities and dim X = n. 



k k 

We define the subsheaf B r C A r to be the sheaf generated by the presheaf ker h + 
dkerh, i.e. 



G r : = ker h + d ker h . 



Of course, ker h is a sheaf. We recall that d ker h consists of sections a G A r which are 
of the local type a = d/3, with (3 G dker h. 

Remark 2.1.1. If dimX = 1 we have two important facts 



1. ker/i = C 



(r,r— 1) i 



2. the above sum turns out to be a direct sum |Kru95a, Vit95 



□ 



k k 

Lemma 2.1.2. If0<k<n, then dkerh C kerh, so that G r = CA r . 

PROOF. By the above Lemma, if a G kerh, then for any section s : X — > Y" we 
have (j r s)*a; = 0, hence (j r s)*da = 0. So, da G ker/i. BHD 

fc k 

It is clear that G r is a subsheaf of A r . Thus, we say the following natural subsequence 







i 



d 



2 

Or 



d 



d 



1 

e, 



d 



o 



to be the contact subsequence of the de Rham sequence. We note that, in general, the 

k 

sheaves r are not the sheaves of sections of a vector subbundle of T*J r Y. 

Remark 2.1.2. In general, / depends on the dimension of the fibers of J r Y — > X; 
its value is given in |Kru90|| . □ 
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The following theorem is proved in [ |Kru90| by means of a contact homotopy formula. 



Theorem 2.1.1. The contact subsequence is exact \Kru9(\] . 



k 

Proposition 2.1.1. The sheaves B r are soft sheaves ^Kru90{} . 



Proof. We rephrase the proof of Krupka for convenience of the reader by adapting 
it to our notation. 

k 

It can be easily seen that the sheaves CA r are soft. Let us consider the short exact 
sequence 

i . 

— > ker d — > CA r — > im d — > , 

From the above Theorem we have ker d = 0, and this is a soft sheaf. Hence im d = 
i 

d(CA r ) is soft (see [|Wel80|| ) . By induction on k, the equality ker<i = im d on fc-forms, 



and exactness of the sequence 

k d 

— > ker d — > CA r — > im d — ► 

k 

we obtain that each one of the sheaves d(CA r ) is soft. 
Now, let us take into account the exact sheaf sequence 

k— 1 k k 

-> ker d ^ C A r © CA r ^ Q r -> , 

where /, (7 are the sheaf morphisms given on each tubular neighbourhood 7Tq 1 (t/) 
(with U C Y open subset) as 

/ fe-i fc \ 
fu '■ (kerc?)^ — > \C A r © CA r ) : a h (q, — (ia) , 

(k— 1 fc \ A; 

CA r ©CA r J -> (e r )u : (a,/3) i-> da + (3 . 

fe-i fc 

ker <i = im <i (on (/c — l)-forms) implies that ker d is a soft sheaf, and, being C A r ©CA r 
soft, we obtain the result. \qed\ 



2.2 Variational bicomplex 

Here, we introduce a bicomplex by quotienting the de Rham sequence on J r Y by the 
contact subsequence. We obtain a new sequence, the variational sequence, which turns 
out to be exact. In the last part of the section, we describe the relationships between 
bicomplexes on jet spaces of different orders. 
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Proposition 2.2.1. The following diagram 





- ► 



i d 2 d 



- R 



M 



o 

Ar 



Ar 



d 2 d 

* A r > 



did 

— e r — ► o 



d i d i+i d 
— - A r — - A , ► 



A r -2 A r /e r -i A r /e r -i . . . -X/e r -i a, — ► 



d 

- 



d 

- 





zs a commutative diagram, where rows and columns are exact. 

Proof. We have to prove only the exactness of the bottom row of the diagram. 
But this follows from the exactness of the other rows and of the columns. \qed\ 

Definition 2.2.1. The above diagram is said to be the r-th order variational bi- 



complex associated with the fibred manifold Y — > X (see [ |Kru90|| ). 

We say the bottom row of the above diagram to be the r-th order variational 
sequence associated with the fibred manifold Y — > X. □ 

k k 

Proposition 2.2.2. The sheaves A r /6 r are soft sheaves (see j\Kru9(^ ). 



k k 

Proof. In fact, each column is a short exact sheaf sequence in which B r and A r 
are soft sheaves (see ||Wel80|| ). \ME 



Corollary 2.2.1. The variational sequence is a soft resolution of the constant sheaf 
1R over Y j\Kru90jJ . 



Proof. In fact, except M, each one of the sheaves in the sequence is soft ||Wel80 

\QED\ 

The most interesting consequence of the above corollary is the following one (for a 
proof, see | Wel80|| ). Let us consider the cochain complex 



/ Y \ / Y \ J Y 



and denote by Hy S the k -cohomology group of the above cochain complex. 
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Corollary 2.2.2. For all k > there is a natural isomorphism 

rjk ^ irk y 
n VS — n de Rham 1 



(see £KruUffl ) 



Proof. In fact, the variational sequence is a soft resolution of M, hence the coho- 
mology of the sheaf M is naturally isomorphic to the cohomology of the above cochain 
complex. Also, the de Rham sequence gives rise to a cochain complex of global sec- 
tions, whose cohomology is naturally isomorphic to the cohomology of the sheaf M on 
Y. Hence, we have the result by a composition of isomorphisms. (See ||Wel80|| for more 
details on the above natural isomorphisms.) \qed\ 

Finally, we investigate the relationship between variational bicomplexes of different 
orders. To this purpose, we recall the intrinsic inclusions (0 < s < r) 

a s ~ <*a s cA r , e s ~ <*e a c e r , 



and the isomorphism 



k k \ ( k k 

A s /e s ~ <* AsK*e s 



Lemma 2.2.1. Let s < r. Then, the above inclusions induce the injective sheaf 
morphism (see j\Kru9C\j ) 



x r s : [LA) - (LA) ■■ N -> [<*«] , 

where [a] denotes an equivalence class of a form on J S Y . 
Proof. The above morphism xl is well-defined, because 

[a] = 09] =► [tt>] = [<*/?] 

due to the above inclusions. 

k k 

The morphism is injective too. For if a G A s and (3 G A s such that 

[<*«] = [if,*® , 

k k k 

then, being Tr r s *(a — 0) G 7r£*A s , and 7r£*(a — /3) G r , it must be vr^*(a — 0) E ri r *Q S) 
hence [a] = [/?]. HH] 
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Remark 2.2.1. It is clear that, if t < s < r, then x r s °Xt = Xt- 
We have the commutative diagrams 



k 

A r 



d 



fc+i 
A, 



k 



d 



7T 



7T 



A, 



A, 



e. 



hence the following commutative diagram holds 

A r /0 r 1 A r /9 f 



71 



7T 



fc+1 

e r 



7T 



fc+1 

8 S 



k k £, fc+1 fc+1 

A s /e s — 1 a j e a 

We can summarise the above commutative diagrams stating the existence of a three- 
dimensional commutative diagram (which is not exact), whose bi-dimensional slices are 
the variational bicomplexes of order 1,2, □ 



Chapter 3 

Representation of the variational 
sequence 



In this section we find suitable sheaves of fibred morphisms that are isomorphic to the 
quotient sheaves of the variational sequence. 

As a consequence, we will recover the sheaves of the geometric objects that arise 
in the variational calculus (like Lagrangians, Euler-Lagrange morphisms, ... ). Also, 
we will be able to give an intrinsic formulation of the Helmholtz conditions of local 
variationality. By the way, one can see that in the infinite-jet formalism one loses 
information relatively to the order of the jet in which objects really 'live'. 

We start by restricting our analysis to the following short exact subcomplex 





i 

©r 



d n + 1 d n + 1 
— ► e r ► d e r 



9 d i d 



A. 



A, 



d n+1 d n+1 d 



A 



d A 



* R — A r A A r /0 r A . ..^s^K/Qrf-^O 





due to the fact that, to our knowledge, if k > n + 3, there is no interpretation of the 
A; th -column of the variational bicomplex in terms of geometric objects of the variational 
calculus. We say the bottom row of the above bicomplex to be the short variational 
sequence. 
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3.1 Lagrangian 

In this section, we show that the quotient sheaves 

11 ran 

A r /0 r , . . . , A r /9 r 

are isomorphic to certain subsheaves of sheaves of sections of a vector bundle. In this 
way, we are able to find an explicit expression for the sheaf morphisms So, ■ ■ ■ £ n -i- 

Theorem 3.1.1. Let k <n. Then, the sheaf morphism h yields the isomorphism 

h : A r /9 r -> : [a] h-> h(a) . 

k 

Proof. This is by the fact that, if k < n, then G r = kerh, and to the characteri- 



sation of the image of h of Theorem |1.4.1 



Corollary 3.1.1. The sheaf morphisms So, ... , £- n -\ ar ^ expressed through the above 
isomorphisms I k as 

£ k (h{a)) = £ k (h{da)) . 

As an example, we have So = d^. It is easy to compute coordinate expressions for 
£ , ... , £ n -\ via the above Corollary. 

k k 

Definition 3.1.1. Let us set V r := 'H^+i- 

n 

We say a section L e V r to be a r-th order generalised Lagrangian. □ 
It is worth to note that the sheaf of the r-th order Lagrangians of the standard 

ra ra ra 

literature is H r , and that TC r C (see the Appendix). 

3.2 Euler— Lagrange morphism 

ra+l ra+1 

In this section we will show that the quotient sheaf A r j r of the variational sequence 
is isomorphic to certain subsheaves of sheaves of sections of a vector bundle. In this 
way, we are able to find an explicit coordinate expression for the sheaf morphism S n . 
Throughout this chapter we will adopt the notation 



k— n k—n ra— 1 

d h { C r A H r+1 ) := dh{ C r A Tt r+1 ] 



for evident practical reasons. 

It is possible to introduce a first simplification of the quotient sheaves. 
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k 

Lemma 3.2.1. If k > n, then the restriction of h to the sheaf Q r is the surjective 
presheaf morphism 



h : O r — > h(dker h) . 
Moreover, pull-back yields the natural inclusion 

k—n n—1., k 

h(dkexh) c d h ( C r A H h r+1 ) C h{G r+1 ) = h(dkexh) , 

which turns out to be an equality if dim X = 1. 

Proof. The first statement is obvious. We have the natural identification kerh 
vikevh), which yields 

h(d ker h) ~ h(dhV (ker h) + d v v (ker h)) ~ hdhV (ker h) , 



due to Proposition |1.5.1| . The same Proposition yields the inclusion 



k—n n— 1 

hd h v{kerh) C d h ( C r A H £ 



+1V ' 



hence the inclusions of the statement. 



If dimX = 1, then ker/i = C( rr _i) ||Kru954 [Vit95|| , hence the result. \qed 



Proposition 3.2.1. Let k > n. Then, the projection h induces the natural sheaf 
isomorphism 



k k \ I k—n n , 

/h 



K/Qrj r AK +1 J /h(dkerh) : [a] i-> [h(a)\ . 

Proof. The map is clearly well defined. 

k 

Also, the map is injective, for if a, a' G A r , then 

[h(a)} = [h(a')] h(a — a') = hdp , 

with p e ker h. Hence 

a — a' = v(a — a' — dp) + dp , 

k k k 

where, being dp G A r and a — a' G A r , we have v(a — a' — dp) G A r . Due to h o v = 0, 
we have [a — a'] =0. 

Finally, the map is surjective, due to the surjectivity of h. \qed\ 
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Remark 3.2.1. In spite of the apparent complexity of the quotient sheaf 

(k—n n \ , 
C r A I / h[dker h), we notice that it is made with proper subsheaves of the 

k k 

sheaves A r+1 and @ r+ i. Hence, our search for a natural representative in each equiva- 
lence class will be considerably simplified. 

□ 



Remark 3.2.2. Let < s < r. Then, the sheaf injection xl induces the sheaf 
injection 

/ k—n n \ , / k—n n \ , 

C s AH h s+1 ) /h(dkerh) ^ [ C r A H% +1 ) h{dker h) . □ 



n+l n+l 

As for the sheaf A r j B r , taking into account the isomorphism of Proposition p. 2.1 



and the identification of Lemma 3.2.1, we have two main tasks: 



1 n 

1. to find for all a G C r A7i^ +1 a natural (and possibly unique, in some sense) n-form 
F a G h(dkei h) in such a way that the sheaf morphism 

/ 1 n \ , n+l 

/ n+ i : iC r A K +1 j / h(dkei h) -»■ A r+s : [a] i-> a + F a 

is injective (for some s G N); 

2. to characterise the image of the above sheaf morphism, so to obtain a sheaf of 

n+l n+l 

sections of a vector bundle that is isomorphic to A r j O r . 



The above first problem can be solved by means of a result by Kolaf |[Kol83|| . To 



proceed further, we need some notation. On the domain of any chart, we set 



u: = Yl <i Al A ... A d Xn = nld 1 A...Ad n 

Al,...,An = l 

lu\ := i dx uj, u\ a ■= idAu\) . 



We have 



d^ A ui\ = lu . 

fa \ 

If U C Y is a coordinate open subset and / G I A r J , then we set, by induction 

J\f '■= {Ar+l)\f , Jp+xf '■— J\Jpf ] 
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analogously, we denote by Lj p the iterated Lie derivative. We have the characterisation 

Jpf°]r+\p\S = dp(foj rS ) , 

A Leibnitz' rule holds (see [[3au89|1 ); if g G > then we have 

q+t=p V-k- 

Let u : Y — > VY" be a vertical vector field with coordinate expression w = w*<9j. Then, 
the coordinate expression of the prolongation u r : J r Y — > KJ r Y" is u r = J p u l c^. 

Theorem 3.2.1. (First variation formula for higher-order variational calculus 

1 n 1 



\Kol83jJ ) Let a G A r A 7^ r ~ C r A 7i r . T/ien t/iere zs a unique pair of sheaf morphisms 

In In 
E a G C(2r,0) A 7^2r , G C(2r,r) A 7^2r , 

sitc/i that 

i. (7T 2 r r )*a = E a - F a ; 

1 n 

ii. F a is locally of the form F a = dhp a , with p a G C(2r-i,r-i) A H,2r- 

Proof. The proof is carried on by induction. We set, in a coordinate neighbour- 
hood, 

a = af^Aw, Pa =pf x $ i 1 AuJx, E a = E { & A u , 

where < \p\ < r and < \q\ < r — 1, hence we have 

d h p a = -Jxpf X <Aw- < +A A u . 

The requirements on E a and on p Q yield the vanishing of some components of the 
sum a + dhp a , hence a system of linear equations which has a unique pair of local 
solutions E a and dhp a - In particular, we have 

(3.1) E a = (-lpJ & a$PAu, 0<|p|<r. 

The uniqueness ensures that E a and dhp a are intrinsically characterised, hence they 
yield two sections E a and F a which fulfill the requirement of the statement; in particular, 
they have the same domain of definition as a. \qed\ 

Remark 3.2.3. As it is proved in [|Kol83| , to any F a there always exists a section 

1 n 

p a G C(2 r -i, r -i) A 7i. 2r (with the same domain as a) such that F a . But in general 
such a p a is not unique. In fact [ Kol83 |, by adding to p a the horizontal differential 
of a suitable n — 1-form we obtain another form which fulfills the conditions of the 
statement. Anyway, we have some particular cases where a form p a can be uniquely 
determined. 
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1. Suppose that dimX = 1. Then, it can be easily proved |[AnTh92| , |Kru95aj , |Vit95 
that dhPa = implies p a = 0, so that p a is uniquely determined. 

2. Suppose that r = 1. Then, one can easily realise that there does not exists a 

1 n-l 

n — 1-form such that its horizontal differential is a section of C(2r-i,r-i) A 7i 2r-i, 
so that p a is uniquely determined. In this case, we can say even more. In fact, 
we are able to determine p a from a by means of the natural sheaf morphism 

In 1 n— 1 

p : Ci A Hx -> C(i, 0) A Ki . 



which fulfills 



1 n-l 

p(d^) = -0 V/3 € C (1)0) A Hi . 



The above morphism was introduced in different forms by several authors [|Kol93 
MaMo83b| , [Saug9| , |Vjt9| . If 



a = cti d l A lu + af d\ A tu , 
then we have the coordinate expression 

p(a) = af if A u x . 

3. In the case r = 2 we are able to characterise a unique Pa by means of an additional 
requirement. There is a natural morphism 

1 n-l 1 n-2 

s '■ C( 3) i) A H 3 ^ C( 3)0 ) A 7i 3 

1 n-l 

where, if p G C( 3 ,i) A 7i 3 has the coordinate expression 

p = p/tf 4 Auv + p^tfl A^, 

then we have 

1 n-l 

It is easily proved that there exists a unique morphism p a G C( 3 ,i) A H 3 such 
that s(p a ) = 0. Such a morphism is called quasisymmetric. This result has been 
shown in ||Kol83|| . In particular, if we have the coordinate expression 



a = on & A to + a*$\ A uo + & x+fX A to . 



then we have 

p a = K A - J a at +A ) V A uj x + at +x <Aw A . 
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4. In the case r > 3 we have no natural ways to select a form p a . In [|Kol83| a 



sufficient condition to the uniqueness of p a is given. Namely, let us denote with 
T*X the s-th order cotangent bundle. Let T : T*X — > T*_ t X be a section which 
is also a linear morphism. Then, there exists a unique form p a [T]. Note that, if 
r = 2, then we have the natural choice T = id, which yields the natural form of 
the previous item. 

□ 

Remark 3.2.4. The choice of the subsheaf 

1 n 1 n 

C(2r,0) A H2r C C( 2r ,2r-1) A 7Y 2 r 



2 2 

will provide representatives £? a of sections of the quotient sheaf Ai/@i with a minimal 
number of components. □ 

1 n 

Remark 3.2.5. The section E a G C(2 r ,o) A'Hir has a peculiar structure with respect 
to the derivative coordinates of order greater than r. In fact, if we assign to the variables 
y l p with \p\ = r + s the weight s, then it is easily seen that E a is a polynomial with 
weighted degree r with respect to with \p\ > r. This kind of structure was first 
introduced and studied in |[KoMo9d|] . □ 



In 1 n 

Corollary 3.2.1. Let a G C r A 7"^ +1 C A r+ i A 7Y r+ i. Then E a and p a are sections 
of the following subsheaves 

1 n 1 n—1 

E a E C( 2r ,0) A H 2r+ i , Pa G C( 2r ,r-1) A H 2r ■ 

Proof. This depends on the form of the system 

a = E a - d h p a , 

and on the fact that the form a takes values into the vector bundle T*J r YAT*X, even 
if it depends on J r +iY . \sME 

1 n 

Remark 3.2.6. In the case a G C r A7i^ +1 , the section E a has an additional feature 
with respect to the polynomial structure of Remark 3.2.5| . In fact, the coefficients of 



the polynomial are polynomials of (standard) degree n with respect to the coordinates 
y l p , with \p\ — r + 1. □ 

1 n-l 

Theorem 3.2.2. Let q G C( 2r -i,r-i) A 7i i r -\- Then we have 

d h Pd hq = ~d h q , 

hence E dhq = 0. 
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Proof. In fact, by recalling the proof of the above Theorem, we find that the 
system 

dfiQ — Ed hQ — dhPd h q 
has the unique solutions dhPd hq = —dhq and Ea hq = 0. \Q ED \ 

Remark 3.2.7. The above Theorem is the geometric interpretation of the well- 
known fact that 'the Euler-Lagrange morphism annihilates divergencies' (see also 
Tra931). □ 



Proposition 3.2.2. The sheaf morphism 



1 n n+1 

C r A H h r+1 -> A 2r+i :a^a + F a 



induces the injective sheaf morphism 



(l n \ . n+1 

J n+ i : C r A n h T+l /h(dker h) -»• A 2r+ i : [a] i-> a + F a 



Proof. We make use of the injective morphism xl 01 Remark |3.2.2| and of Lemma 



3.2. 1| . The morphism J n+1 is well-defined, due to Corollary |3.2.1| and to the fact that, 



if a, (3 G C r A TC^ +1 such that /3 = a + F, where F is of the local form F = d h q with 
dhq G (i ker /i then 

(3 + Fp = a + F + F a + F F , 



where Fp = —F by the uniqueness in Theorem p. 2.1 



We have to prove that the morphism is injective. Suppose that 

(3 + F p = a + F a . 
Hence (3 — a = F a — Fp, so [(3 — a] = 0. BUI 
The final step is to characterise the image of I n +i. 
Theorem 3.2.3. VKe /iai>e i/ie s/iea/ isomorphism 



where 



n+1 n+1 n+1 

-^n+1 : A r j r — > V r 



n+1 II n 1 n-1 \ / 1 n 

V r '■= [C r A 7^ r+1 + c4(C(2r,r-l) A 7~L 2r) H C( 2r +1,0) A ^2r+l 



Proof. It comes from the isomorphism of Proposition |3.2.1| , the injective morphism 
I n+ x and the characterisation of the image of I n +\ provided by Theorem |3.2.1| . \qed\ 
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Now, we can evaluate £ n by means of the isomorphisms I ni I n +i- 



n+1 



Theorem 3.2.4. Let a G V r . Then, £ n (a) G V r coincides with the standard 
higher- order Euler-Lagrange morphism \Fer8fy FeFr83j , GaMu8^ , \Kol8!% Kru8% SauSfj / 
associated with the generalised r -th order Lagrangian a, regarded as a standard r + 1-th 
order Lagrangian. 

Proof. In fact, Theorem [3.2. 1| yields the standard higher-order Euler-Lagrange 
morphism. Moreover, we have the inclusions 



V r C H r+1 C V 



r+l 



The result now is immediate, due to the commutativity of the inclusion of the bicomplex 
of order r into the bicomplex of order r + l (Remark j2.2.1| ). \qed\ 



n+1 

Definition 3.2.1. Let a G A r . 

n+1 

We say Eh( a ) V r to be the generalised r-th order Euler-Lagrange morphism 
associated with a. 

We say Ph(a) to be a generalised r th order momentum associated with E^m. 

We say £ n to be the generalised r-th order Euler-Lagrange operator. □ 



Remark 3.2.8. It is of fundamental importance to note that some theories which 
are based upon polynomial (r + l)-th order horizontal Lagrangians can be seen also as 
r-th order theories using a non-horizontal Lagrangian (see Appendix). And it is worth 
to point out that most of second-order horizontal Lagrangians known in physics are 
affine. □ 



3.3 Helmholtz morphism 

In this section we will devote ourselves to a description of the presheaf 

(n+1 \ /n+1 n+1 \ / n+1 n+1 

V A ~£ n+ A A r /e r J = \ dA r /d® 

In particular, we will find an isomorphism of this presheaf with a subpresheaf of a 
sheaf of sections of a vector bundle. Hence, we will be able to provide an explicit ex- 
pression for the map £ n +i- This will yield an intrinsic geometric object whose vanishing 
is equivalent to the Helmholtz conditions of local variationality. 

n+1 

Let £g V r - In order to evaluate the expression of £ n+ i(E), it is very difficult to 

n+1 

find a n + 1-form a G A s such that I n+ i([h(a)]) = E. So, it is difficult in concrete 
cases to use the commutativity of the diagram in order to compute £ n +i- 
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Hence, the most convenient way to reach our task is to use Theorem |3.2.1| together 

n+1 n+1 n+1 

with the isomorphism A r j O r — > V r in order to simplify the analysis of the sheaf 

/n+1 n+1 \ 
£n+l I A r j O r J . 

Lemma 3.3.1. VKe /iai>e i/ie natural injection 

n+1 n+1 



A r /d 6 r J - \C 2r+1 A ?4 +2 J /h(dkerh) : [da] ^ [d£ ft(a) ] . 

Proof. It is a direct consequence of the decomposition 

a = E h ( a ) - d h p h ( a ) + via) . 
together with ddh = —dhd v . \Q ED \ 

Hence, we search for natural representatives of the classes of the image of 

n+1 11 n 11 n 2 n 

d V r C A2 r +i A C(2r+1,0) A 7i.2r+l — C-2r+l A C(2r+1,0) A Tifr+l C U2r+1 A 'H 2 r+2 

n+1 



into the quotient ^C 2r +i A 'H^r+i] / h(dkev h); we denote this image by [d V r ]. 

Our task is the following one: to characterise a unique representative of every equiv- 

n+l 

alence class of [d V r ] by means of the higher-order Euler-Lagrange morphism. 
First of all, we need a technical Lemma. 

11 n 

Lemma 3.3.2. Let [3 e C s A C( s ,o) A 7i s . Suppose that the coordinate expression of 
(3 is 

f3 = Af Aw, < |g| < s . 
Lei m : V — > V"K fre a vertical vector field, with coordinate expression u = u l di, and set 

Then we have E& = efli A uj, with 

( fc-bl 



6 j J <p\Jb 



\ kl=o 



where < |p| < s. 



Proof. It follows from the coordinate expression of E& and the Leibnitz'rule for 



j p . mn 
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11 n 

Lemma 3.3.3. Let f3 G C s A C( s ,o) A 7i s . T/ien, there is a unique 

l l »i 

sitc/i that, for all u : Y — > Vl^ 7 

where f3 := i Us /3, and C* stands for tensor contraction. 

Proof. Let U" C F be an open coordinate subset, and suppose that we have the 
expression on U 

13 = pjfll A & A u , < \p\ < s . 
Then we have the coordinate expression 



Let us set 



Then, by the arbitrariness of u, Hp[U] is the unique morphism fulfilling the conditions 
of the statement on U. 

If V C Y is another open coordinate subset and UC\ V ^ 0, then, by uniqueness, we 
have Hp[U]\unv — Hp[V]\unv- Hence, we obtain the result by setting Hp\u '■= Hp\U] 
on any coordinate open subset U C Y. \qed\ 

Theorem 3.3.1. (Generalised second variation formula). 

1 1 n 

Let (3 G C s A C( s ) A H s . Then, there is a unique pair of sheaf morphisms 

lira 2 n 

H/3 G C(2s,s) A C(2 S ,0) A 7Y 2 s , G73 G C(2s,s) A 7Y 2s , 

i. tt 2 s s *P = Hp -Gp 

ii. Hp = 1/2 A{Hp), where A is the antisymmetrisation map. 

2 n-l 

Moreover, Gp is locally of the type Gp = dtqp, where qp G C2S-1 A H.2s-i, hence 
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Proof. It is clear that Gp is uniquely determined by (3 and the choice Hp = 
1/2 A(Hp). 

Moreover, it can be easily seen | |Sau89| ] by induction on \p\ that, on a coordinate 
open subset U C Y, we have 

/3 = fifl A A u = $jL p (&) A & A u = (-lptf A L p {^) A u + 2d h qp , 



which yields the thesis by the Leibnitz' rule, the injective morphism x s r of remark p. 2.1 
and the inclusions ( 3.2.1|) (a similar local result can be found in |[Bau82 , Kru9C]). 

\QED\ 

Remark 3.3.1. In general, the section qp is not uniquely characterised. But, if 
dimX = 1, then there exists a unique qp fulfilling the conditions of the statement of 
the above theorem. □ 

fn+l \ 

Corollary 3.3.1. The presheaf £ n+ \ V r is isomorphic to the image of the in- 
jective morphism 



I n+l n+1 \ 1 1 n 

I n +2 ■ \ d A r /d r — > C 4r+ i A C(4r+i,o) A H^r+i ■ [da] H-> H dEh 



(a) 



Proof. I n+ 2 is well defined, because, recalling Lemma [3.3.1| , if we add a suitable 
form G of the local type G = d^q to dEh( a ), the uniqueness of the decomposition of 
the generalised second variation formula (see also the above Corollary) yields Hq = 0. 
Moreover, I n+2 is valued into 

11 nil n 

C-Ar+l A C(4r+1,0) A 1~Li r +\ C C^ r+ 2 A C(4r+2,0) A 7^4 r+ 2 

due to the coordinate expression of Eh( a ) and H dEh{a) ; more precisely, being Eh( a ) afline 
with respect to the highest order derivatives, such derivatives disappear from the coef- 
ficient of dEh(a) which produces the higher order coefficient of HdE h(a) - The injectivity 
of I n+ 2 follows from Lemma |3.3. 1| and the above Corollary, because if dE^^ and dE^^ 



fulfill H dEh{a) = H dEhm , then we have 

dE h ( a -) - dE h(J3 ) = G dEh(g) - G dEh(a) , 
hence [dE h ( a) - dE h{(3) } = 0. \ssE 



Remark 3.3.2. Unlike the Euler-Lagrange morphism, the Helmholtz morphism is 
not characterised as being a section of a particular subsheaf. Anyway, the vanishing of 
[da] is completely equivalent to the vanishing of H da . See also [|And86| , |GiMa90|1 for a 
derivation of the Helmholtz conditions as Euler-Lagrange equations. Also, it is evident 
that the vanishing of H da is a weaker condition than the vanishing of da. □ 
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Corollary 3.3.2. The sheaf morphism £ n +i can be expressed via I n+ i and I n+2 by 

n+l 11 n 

£n+l '■ V r £?4r+l A C(4 r+ i 5 0) A H-ir+l '■ E I— > HdE ■ 

Moreover, if the coordinate expression of E is E = Efli A to, then the coordinate 
expression of £ n+ i(E) is 



£n+l(E) = - 



/ 2r+l-\p\ , x. 

%e 3 - E " (-i)i^i Jq ^n Ei | ^ A ^ A w . 

V kl=o £•£■ 



n+l 

Definition 3.3.1. Let a G A r . 

We say HdE h{a) to be the generalised r-th order Helmholtz morphism. 
We say qdE h{a) to be a generalised r -th order momentum associated to the Helmholtz 
morphism. 

We say £ n +i to be the generalised r-th order Helmholtz operator. □ 

Remark 3.3.3. In this section we have obtained an intrinsic Helmholtz morphism 
that is associated to each first-order generalised Euler-Lagrange morphism via the sheaf 
morphism £ n +i- The vanishing of the Helmholtz morphism is completely equivalent to 
the standard local Helmholtz conditions (see, for example, |[AnDu80| , |And86| , [Bau82| , 
GiMa9q , |Kju90| , |LaTu77| , |Ton69|l ). 



n+l 

As a by-product, to each first-order generalised Euler-Lagrange morphism E e V r 
we find a unique intrinsic contact two-form Gje, where GdE = dhqdE locally; q plays a 
role analogous to that of p. □ 



3.4 Inverse problems 

In this section, we show that the results of the above sections together with the exact- 
ness of the variational sequence yield the solution for two important inverse problems: 
the minimal order variationally trivial Lagrangians and the minimal order Lagrangian 
corresponding to a locally variational Euler-Lagrange morphism. As for trivial La- 
grangians, our result agrees with the local result of [|Gri99b| , [KrMu99 . 



We can summarise the results of the above sections in the following theorem. 

Theorem 3.4.1. The r-th order short variational sequence is isomorphic to the 
exact sequence 

£o 1 £\ 
M A r V r • • • 



£n-l ™ £n "+ 1 £n+l c /"V \ £n + 2 n 

* Vr " V r *• £n+l V r * U , 
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We have two main consequences of the exactness of the above sequence. 

n 

Corollary 3.4.1. Let L G (V r )y such that S n (L) = 0. Then, for any y G Y 

n-1 

there exist an open neighbourhood U C Y of y and a section T G ( V r )u such that 
£ n _i(T) = L. If H% e Rham Y = 0, then we can choose U = Y . 

Proof. The first statement comes from the definition of exactness for a sheaf se- 
quence. The second statement comes from the abstract de Rham theorem; in fact, 
the (long) variational sequence is a (soft) resolution of the constant sheaf M (see 

KFutoj |Wei80|| ). mm 



Definition 3.4.1. Let L G (V r )y such that S n (L) = 0. We say L to be a variation- 
ally trivial r-th order (generalised) Lagrangian. 

□ 

n 

Remark 3.4.1. If L G V r is variationally trivial, then L is (locally) of the form 

n-1 

L = £ n _i(/i(a)) = dha, with a G A r . 

We stress that a similar result is obtained in |[Kru93|| , but with a computational 



proof. □ 

n+1 

As for ( V r )y, we have a result which is analogous to the above corollary, and 
justifies the following definition. 

n+1 

Definition 3.4.2. Let E G ( V r )y. If S n+1 (E) = 0, then we say E to be a locally 
variational (generalised) r-th order Euler-Lagrange morphism. □ 

So, to any locally variational Euler-Lagrange morphism there exists a local La- 
grangian whose associated Euler-Lagrange morphism (locally) coincides with the given 
one. This is a well-known fact in the theory of infinite order Lagrangian sequences, 
but the novelty provided by our approach is the minimality of the order of the local 
Lagrangian. In fact, we have the following obvious proposition. 

n+1 n+1 

Proposition 3.4.1. Let E G ( V r )y such that E G" ( V r -i)y. Let E be locally 

n n 

variational. Then, for any (local) Lagrangian L G V r of E, we have L ^ V,-i- 



Remark 3.4.2. In the literature there are similar results [|AnDu80| , [And86| , [AnTh92|] . 
but proofs are done by computations. The finite order variational sequence provides a 
structural answer to the minimal order Lagrangian problem. □ 
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Remark 3.4.3. We stress that a minimal order Lagrangian L G V r for a locally 

n+l 

variational Euler-Lagrange morphism £6 V r can be explicitly computed. 

ra+2 

Namely, we pick an a G A r corresponding to the Euler-Lagrange morphism (i.e. , 
In+i(h(a)) = E), and apply the contact homotopy operator (which is just the restriction 

n+2 n+2 

of the Poincare's homotopy operator to r ) to the closed form da G r , finding 

n+l 

(3 G r such that d/3 = da. By using once again using the (standard) homotopy 

n 

operator we find 7 G A r such that dj = (3 — a : L := I n {l) is the minimal order 
Lagrangian. 

We recall that the well-known Volterra-Vainberg method for finding a Lagrangian 
for E yields a (2r + l)-th order Lagrangian. □ 



Appendix: calculus of variations 



In this Appendix we give the intrinsic geometrical setting for the calculus of variations in 
Lagrangian mechanics ( ||GoSt73| , |Kru73| , |Tui75| , |Gar74| , [FeFr82| , |GaMu82| , [Fer83l , [Kol83 



MaMo88"E . |Cos94 |). The aim is to justify the choice of the contact subsequence in the 
variational bicomplex, and to give an interpretation of the results of paper. 

n 

Suppose that a section L G 7i r is given. Then the action of an r-th Lagrangian L 
on a section s : J — > Y (I is an orientable open subset of X with compact closure and 
regular boundary) is defined to be the real number 



JtirSTL . 



A vertical vector field u : Y — > VY defined on ir and vanishing on 7r 1 {dl) is 
said to be a variation field. 



A section s : I — ► Y is said to be critical if, for each variation field with flow P , we 



have 



5 J (J r (j) p oj r s)*L = , 
where 5 is the variational derivative with respect to the parameter p, and J r <fi P '■ J r Y 



J r Y is first jet prolongation of the morphism cj) p (see ||MaMo83a|| ). 

The derivative 5 commutes with Jj, so that the above condition is equivalent to 



J{ hS yu r L = 



for each variation field u, where u r : J r Y V J r Y is the r-th jet prolongation of u 
(see the first section), and L Ur stands for the Lie derivative. 

Using the splitting of Proposition |3.2.1| (or, equivalently, adding the form p^L to L) 
together with L Ur L = i Ur dL and the Stokes' theorem, we find that the above equation 
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is equivalent to 

J{j2rST{l u E dL ) = 

for each variation field u. Finally, by virtue of the fundamental lemma of calculus of 
variations, the above condition is equivalent to 

{]2rS)*E dL = , 

or, that is the same, E dL oj 2r s = 0. 

k 

Remark 3.4.4. The reason of the choice of the sheaf O r (for O < k < n) as the 

n 

first non-trivial sheaf of the contact subsequence is now clear: for k = n Q r is made by 
forms which does not contribute to the action. 

n+l 

As for the sheaf r , it is easily seen that this is precisely the sheaf of forms that 
give no contribution to the above last integral when added to E d L- 

Analogously, a 'second variation' of on Euler-Lagrange type operator can be defined 

n+2 

(see |[Tak79|| ); the sheaf B r is the sheaf of forms that give no contribution to the integral 



of this second variation. □ 



Remark 3.4.5. Given a G A r , we can extend the definition of action of a first-order 
(generalised) Lagrangian a on a section s : / — > Y as Ji{j r s)*a- By means of a pull-back 
on J r+ iY, we obtain the equivalent action fj(j r+ is)*h(a), being (j r+ xs)*v(a) = 0, and 

n 

we have h(a) £ V r . This explains how the r-th order variational sequence generalises 

||Kru90| , pm95aj |Kru95b|| ). □ 



the r-th order variational calculus (see 
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